AN EXPLICIT KOPPELMAN FORMULA FOR dd" AND 
GREEN CURRENTS ON P'^ 



MATS ANDERSSON 



Abstract. We compute a quite explicit Koppelman formula for 
dd'^ on projective space, and obtain Green currents for positive 
closed currents. 



1. Introduction 

Let X be a smooth projective variety and let ^ be a positive closed 
(p, p)-current on X. A {p — l,p — l)-current g is called a Green current 
for 9 if 

(1.1) dd''g + e = A, 

where A is a smooth form. 

Green currents for Lelong currents [Z] of analytic cycles Z are of 
fundamental importance in Arakelov geometry, see, e.g., [H], [8], [20] , 
[5], and the survey article [15]. Green currents for more general 6 are 
used, e.g., in complex dynamics, see [12] and [13]. 

This paper is an elaboration of the second halflof [3]. We construct 
a (positive) integrable kernel K{(, z) of bidegree (n — 1, n — 1) that is 
smooth outside the diagonal and of log type along A (see Section [2] 
for the definition) and a smooth kernel P(C, z) of bidegree (n, n), such 
that 

(1.2) dd^K+[/\] = P 

in the current sense; i.e., i^' is a Green current for [A] on P" x P^. From 
fll.2p we get, for smooth forms 6', the Koppelman type formula 

(1.3) dd^ j^KAO + 9 = 
P(C, ^) A^(C) + d j KAd^e -d" j KAde - J KAdd'd 
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for the (ifi'^-operator. If ^ is a {k, /c)-form such that d(f) = 0, then d'^O = 
as well, and if 



(1.4) g = J^KiCz)AeiC), A = P(C, z)A^^(C), 

then dd^g + 6 = A. 

In the meantime we have learnt that such Green currents K were ob- 
tained in essentially the same way already in [8j, Section 6, so our main 
contribution is that we compute our kernels K and P quite explicitly. 
If 9 is the Lelong current [Z] for some cycle Z, then the function g{z) 
in f ll.4p is well-defined and smooth in X \ Z, and it is proved in [S] 
(Lemma 1.2.2) that it is in fact a Green current for Z of log type along 
Z. In [12] it is proved that the same formula provides a Green current 
for any positive closed {k, k)-cuTTent 9. With our particular choice of 
K, the Koppelman formula extends to any current 9, see below. 

Our starting point is the following result. 

Proposition 1.1. Let f he a holomorphic section of a Hermitian vector 
bundle E ^ X of rank m over some manifold X . If the zero cycle Z of 
f has codimension m, i.e., f intersects the zero section transver sally, 
then there is a current Wm-i, smooth outside Z and of log type, such 
that 

(1.5) dd''Wm-l + [Z]=Cm{DE), 

where Cm{DE) is the top Chern form of E. 

Thus Wm-i is a Green current for [Z]. The proof (in Section 6 in [8] 
and in [3]) is based on ideas in [S]. See Section [2] below for a discussion, 
and for an expression for the current Wm-i- 

Let z = [zq, . . . , Zn]he the usual homogeneous coordinates on P" and 

let 

CO = dd'^log \z\ 
be the standard Kahler form on P" so that 



(1.6) / a;" = l. 

We will see that 



d 

j=0 



is a holomorphic section of the bundle H = Ti'°(P^) O C(-l)c ® C(l)^ 
over P" X P" that vanishes to first order precisely on the diagonal. From 
the standard metric on P" we get a natural Hermitian metric || || on 
H, and in particular, see Section |3l 
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which is hke the square of the distance between the points [z\ and [Q 
on P". From Proposition 11.11 we thus get K = Wn-i and P = Cn{DH) 
so that ([OD holds. 

We say that a differential form ^(C)-^) on x P" is invariant if 
C,{4>{C) , 4>{z)) = C,{C,z) for each isometric automorphism of P", i.e., 
mapping induced by a orthogonal mapping on C"+^. For instance, \\rj\\ 
is invariant. Here is our main theorem. 



Theorem 1.2. The kernels P and K so defined satisfy (11. 2p and more- 
over: 

(i) The kernel P is 



;i.8) P = ^uj':Au, 



k A , .n-k 




and it induces the orthogonal projection onto the harmonic forms, 
(a) K is positive, of log type, and it can he written 

n—l 1 2 

(1-9) ^ = EfMl/lhll)^j7T^+ ^' 



i=o 



7y||2i+2 j|,^||2j+2 



where 7* are smooth (real- analytic) invariant forms on P" x P" which 

are (9(||?7||^). In particular, K{(,z) is invariant. 

(Hi) The Koppelman formula (11. 3p holds for all currents 9. 

It is well-known that the harmonic forms (with respect to u) are 
precisely the forms auj^ for a e C, and a (fc, A;)-current is orthogonal 
to the harmonic forms if and only if 

^Au;"-'^ = 0. 

In particular, any form that is ci-exact or d'^-exact must be orthogonal 
to the harmonic forms. In view of (II. 6p and (II. Sp . P induces the 
orthogonal projection. 

Thus if Z is a cycle of pure codimension p in P"^ with degree 



degZ= f [Z]Aw"-P, 



then 

(1.10) g = j^K{C,z)A[Z] 

solves the Green equation 

dd'g + [Z] = deg {Z)ujP. 

In [5] and [6] a Green current for [Z] in P" is obtained by means of 
the Levine form for the subspace z = w in p2"+ij the Green current 
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appears as the value at the origin of a current-valued analytic func- 
tion, involving expressions for homogeneous forms fj that define Z. 
Such a representation is the purpose in those paper (s). It seems that 
the resulting current can be represented by an integral operator with 
integrable kernel; however we do not know whether one can compute 
this kernel explicitly. 

Remark 1. In [8j, p. 913, it is proved that for any smooth projective 
variety X there exists a Green current K for the diagonal A in X x X 
such that K is smooth outside A and of log type. In particular, K 
is integrable on X x X. Thus one gets a Koppelman formula on X, 
though not explicit, and a Green current for any cycle Z in X. □ 

In this paper, 

rf^ = «(9-9), i< = i/27r, 

so that 

dd" = 2iidd = -dd. 

TT 

2. A GENERALIZED POINCARE-LELONG FORMULA 

We first discuss a slightly more general form of Proposition 11.11 Let 
— )■ X be a Hermitian vector bundle of rank m over a complex 
(compact) manifold X, let De he the Chern connection on E, and 
let c{De) be the associated Chern form, i.e., c{De) = det^nQE + I), 
where 9^; = D"^ is the curvature tensor. We let Ck{DE) denote the 
component of c{De) of bidegree {k,k). 

Let / be a holomorphic section of E, and assume that Z = {f = 0} 
has codimension p. Then we have an analytic p-cycle 

where Zj are the irreducible components of {/ = 0} and aj are the 
Hilbert-Samuel multiplicities of /. Moreover, / defines a trival line 
bundle S over X \ Z, and we let Q = i^/S* be the quotient bundle, 
equipped with the induced Hermitian metric, and let Dq and c{Dq) 
be the corresponding Chern connection and Chern form, respectively. 

Proposition 2.1. The form c{Dq) is locally integrable in X and the 
corresponding current C{Dq) is closed in X. There is an explicit cur- 
rent Wp^i of bidegree {p — l,p — 1) and of order zero in X, smooth in 
X \ Z and of logarithmic type along Z , such that 

(2.1) o?dWp_i + \Z^\ = Cp{De) - C.,{Dq). 

If in addition, E* is Nakano negative, one can choose Wp-i to be pos- 
itive. 

Since Q has rank m — 1, CmiDg) = and thus we get (11.51) . Proposi- 
tion |2]T] is a special case of a more general formula in [1] (Theorems 1.1 
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and 1.2). For the statement about logarithmic type, see Lemma 12.31 
below. 

Remark 2. In [4j it is stated that one can choose Wp-i positive where 
I/I < 1, given that E* is Nakano negative. Since X is assumed to 
be compact here, we can modify the metric in E so that |/| < 1 
everywhere. □ 

We shall now describe Wp^i following the presentation in [3], and we 
refer to [4] for more details and arguments. We introduce the exterior 
algebra bundle A = A(T*(X) ®E®E*). Any section ^ G Sk,g{X, E), 
i.e., smooth {k, g)-form with values in E, corresponds to a section ^ of 
A: If ^ = ,^1 ei + . . . + ® Cm in a local frame ej for E, then we 
let C, = C,iAei + . . . + ^mACm. In the same way, a G Sk,q{X, EndE) is 
identified with 

a = ajk A Cj A e^, 

jk 

where e* is the dual frame, if a = J2jk ^jk ® ® ^1 with respect 
to these frames. The connection De extends in a unique way to a 
linear mapping D : S{X, A) — t- S{X, A) which is an ant i- derivation with 
respect to the wedge product in A, and acts as the exterior differential d 
on the T*(X)-factor. If ^ is a form- valued section of E, then De^ = DC,, 
and if a G £k{X, Endii^), then 

(2.2) DEndEa = Da, 

see, e.g., [1]. Since D-e^xiAeIe = 0, here / denotes the identity endomor- 
phism on E, and by Bianchi's identity, DeuiIeQe = 0, we have from 
(O that 

(2.3) DeE = and DI = 0. 

We let Im = I'^/ml and use the same notation for other forms in the 
sequel. Any form u with values in A can be written u = u'Alm, + 
uniquely, where cu" has lower degree in e. , e^. If we make the definition 



(2.4) u = u', 

J e 

then this integral is linear and 

(2.5) dju = j^Du. 
We have that 

(2.6) c{De) = I {^Qe + iE)m = I e'®-+^y 

J e J e 

Recall that De = D'^ + d, where D'^ is the (1, 0)-part of De- It follows 
that we also have the decomposition D = D' + d. 
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Let (J be the section of E* over X \ Z with minimal norm such that 
f ■ a = 1. InX\Zwe have the formula (Proposition 4.2 in 



(2.7) c{Dq) = j fAaA{i + k0 - ^DfAda) 

J e 



m— 1 • 



In a suitable resolution of singularities i/: X — )■ X we may assume 
that v* f = f^f, where /° is (locally) a holomorphic function, in fact a 
monomial in suitable coordinates, and /' is a non-vanishing section (of 
v*E). Then = (l//°)cr', where a' is smooth, and it follows that 

u*{aAfAiDfAdaf-') = a'Af'A{DfAda'f-^ 

is smooth. Since c{Dq) is closed in X \ Z, thus v*c{Dq) has a smooth 
and closed extension across the singularity. In particular it is locally 
integrable, therefore its push-forward is locally integrable, so we have: 

Lemma 2.2. The form c{Dq) is locally integrable and its natural cur- 
rent extension C{Dq) is closed. 

By the usual Poincare-Lelong formula we have 

ciDs) = l + dd'^\ogil/\f\) 

outside Z, i.e., 1 + dd'^ log(l/|/'|) in the resolution. It follows that 
also c{Ds)Ac{Dq) is locally integrable. If capitals denote the natural 
current extensions, then 

(2.8) - dd'V = c{De) - C{Ds)CiDQ), 
where V is the locally integrable form 

"""^ f-l^^ r ^ _ 

(2.9) V=J2^^ fAaAii+HQ-^DfAda)m-i-eA{-HDfAda)e. 

e=i ^'^ 

Finally, if 

W = \og{l/\f\)C{DQ)-V, 

then its component Wp^i satisfies ( 12. ip . 

We will be particularly interested in the case when p = m. For 
degree reasons then no I can come into play so 



(2.10) = log(l/|/|) / /AaA(H0 + ^DfAda^^.^ 

J e 

(-lY r ^ _ 

- fAaAi^Q- HDfAdaU.i.e A {-^DfAda),. 

If E is positive in the sense that E* is Nakano negative, then Cm-xiEo) 
is a positive current and 

(2.11) = W^-i + aC.m-x{DQ) 

is positive, for a large enough positive constant a, see Section 7 in jl]. 
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Remark 3. If is a line bundle, i.e., m = 1, then V = 0, and since 
a ■ / = 1 we have that W = log(l/|/|), Ci{Q) = 0, and hence ([21]) is 
just the classical Poincare-Lelong formula. □ 

Recall that a {k, A;)-current w is of logarithmic type along a subvariety 
Z if the following holds: There exists a surjective mapping vr: X — )• 
X such that Z = 7t~^Z has normal crossings in X, vr has surjective 
differential in X\Z, w = tt^w, where w is smooth in X\Z, and locally 
w is of the form 

(2.12) ^ 7; log I I +7', 

j 

where s is a suitable local coordinate system, 7' is a smooth form, and 
7^ are closed smooth forms. 

Lemma 2.3. The current W is of logarithmic type along Z . 

Proof. Let u: X — )• X be the resolution above. Then v*C{Dq) is 
smooth and closed, u*V is smooth, and u* log |/| = log |/°| + log |/'|, 
where /° locally is a polynomial whose zero set is v^^Z. In view of 
fl2.10p thus W is of logarithmic type along Z. □ 

3. Explicit Koppelman formulas on P" 

The line bundle 0{k) over P*^, whose sections are naturally identi- 
fied by fc- homogeneous functions ^ on C""*"^ \ {0}, will be denoted, for 
typographical reasons, by V'. We have the natural Hermitian norm 



\\m 



\2k 



Recall that a differential form a on C"^^ is projective, i.e., the 
puUback under C""^^ \ {0} — )■ P" of a form on P", if and only if 
8zOi = SzOi = 0, where 6z is interior multiplication with Ylo ^ji^/^^j) 
and Sz is its conjugate. 

Lemma 3.1. If D'^r is the {l,0)-part of the Chern connection on U 
and g is a section, expressed as an r-homogeneous function in z, then 

(3.1) D'^rg = \z\'^''d--^ = dg - rgdlog \z\'^, 
and 

(3.2) HB^r = — rH(9(91og = ru. 

Notice that since g is r-homogeneous, i.e., g{Xz) = X^g{z), we have 
that 

ry~'g{z) = Y,^^^{^^). 

^ 

and thus Sz{dg) = rg{z). Since furthermore ^^Slogl^p = 1, the right 
hand side of (13.11) is indeed a projective form. 
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Proof. We may assume that g is (locally) holomorphic. Then 



d\\gf = {D'^rg,g) 



\z 



2r 



but also 



d\\gf = dj^ = \zrd^.-g/\zr. 



Combining, we get (13. ip . Now, QLrg = dD'j^rg = — r{dd log \z\'^)g, 
which gives (13. 2p . □ 

We are now going to compute the currents obtained from Proposi- 
tion (II. ip with H and rj as in the the introduction. In order not to mix 
up with the usual tangent bundle, we introduce an abstract copy of H, 
cf., H]. Let LI be the pullback of U to x P^. Furthermore, let 

(^n+i _). X P" be the trivial bundle taken with the natural metric, 
and consider the quotient bundle C""'"^/CC, where (C is L^^, i.e., the 
pullback of the tautological line bundle over P^. We define 

H = (C"+VCC) ® L, 

over P" X P" equipped with the induced metric. Since C"""*"^ has trivial 
metric it has vanishing curvature, and therefore the quotient C"'~^^/(C 
is positive in the sense that its dual is Nakano negative, cf.. Proposi- 
tion 7.1 in |3]. It follows that H are positive in the same sense, since 
L is positive. 

A section w of if is represented by a mapping C""*"^ x C"^^ — )■ C""*"^ 
that is 0-homogeneous in ( and 1-homogeneous in z. In particular 
we have the global holomorphic section t]{(, z) = z, which vanishes to 
first order on the diagonal A. The dual of C"^^/CC is the subbundle 
of (C"^^)* that is orthogonal to ^C. Therefore, a section of the dual 
bundle H* can be represented by a mapping w : C"+^ x C""*"^ — )■ (C""*"^)* 
that is 0-homogeneous in (, —1-homogeneous in z, and such that w-( = 
0. 

Let Co, . . . , e„ be the trivial global frame (basis) for C"'^^ above, and 
let e* be its dual basis for (C"'^"'^)*. If ,^ = ^ ■ e = a section 

of C"''^^/(C, then its norm is equal to the norm of the orthogonal 
projection onto the orthogonal complement of = (C, 

\C\' 

Thus if ~ ■ e is a section of H, i.e., the functions C,j are in addition 
1-homogeneous in z, we have 
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here and in the sequel we use ||^|| to distinguish the norm of the section 
from 1^1, denoting the norm of the corresponding vector- valued function 
on C""*"^. In particular, f ll.7p holds. Moreover, 

_ |Cp^-e*-(C-^)C-e* 

is the section of H* with minimal (since = \\ri\\) norm such that 
s ■ 7] = ||?7|p. 

Notice that a form a on C""*"^ x C"^^ is projective if and only if 
5za = 6za = 6(;a = 6^a = 0. We can write a form-valued section ^ of 
if as ^ = ^ ■ e = ® where C,j are projective forms. 

We need expressions for Dh and Qh- Let and be the Kahler 
forms on P" and P^, respectively. 

Proposition 3.2. If C, ■ e is a section of H , then 

(3.3) D'^{^ .e) = di-e- " e - ^ ® ^ e. 

Moreover, 

(3.4) ^Qh = ^dC- eAd^-^ + ujz®e- e*. 

Kr 

Here dw ■ e* = Ylo 9wj ® e* etc. Notice that indeed d( ■ e is a 
projective ii-valued form, since it can be written 

and each dQ — {( ■ d(/\(\'^)(j is projective. 

Proof. First assume that ^ is just a section of the bundle F = C"^^/CC 
over P". Since d is the Chern connection on C""*"^, the Chern connec- 
tion on ^ is equal to d acting on the representative of in F that is 
orthogonal to (C Since 

is the orthogonal projection C""^^ — t- ^C, we get the formula 
D'f{^ ■e) = di-e- ^rfC ■ e. 

Since H = F ® Lz now (13.31) follows from Lemma 13. 1[ Using that 
Qe^ = dD'S, for holomorphic ^, now (13. 4p follows as well. □ 

Lemma 3.3. Let a he a form with values in A{H ® H*), and let e' 
denote a local frame for H . If e is the standard basis for 'C^^^ as above, 
then 

(3.5) / a = / ^^Aa. 



ICI' 
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where a on the right hand side is any form with values in A(C"^"'^ © 
(C"^"'^)*) that represents a. 

Proof. Let [Q be an arbitrary point on P". After applying an isometric 
automorphism of P", we may assume that C = (1, 0, 0, . . .). If we choose 
the basis e'j = ej, j = 1,2, . . ., then (13 .Sp is immediate. □ 

Proof of Theorem We aheady know that (11 ■2p holds, so let us now 
compute P. If d( ■ e from now on denotes J2o ^Cj^^j stc, we have that 

nQjj = -HdC ■ ^^^^ ■ ^* + 

where / = Ylo^j^^*j'^ the change of sign, compared to (13.41) . is because 
CjAd^k = —d^k^Gj. In view of Lemma [3.31 we have 

,r^^ /"/ N /"C-eAC-e* f -Hd( ■ cAdC ■ e* ~ 

P = Cn{DH) = J{neH)n = J ^[ |^|2 +^-^^ 

Since this formula as well as (II. 8p are invariant we can assume that 
C = (1, 0, . . . , 0). Then (II. 8p follows by a simple computation. However, 
for further reference we prefer a more direct computational argument. 
It is easy to check that 

(3-6) n ^, ,J M-^dC-eAdC-e*)k+i = C-eAC-e* A{-HdC-eAdC-e*)k 
k(/c + 1) ^ 

and that 



1 



fc+i _ , k 



(3-7) K^rryKp^w --c 

if /3 = ^dd\C\'^. Hence 



" 1 [ 

E ,(fc + i)|^|2fc+2 ¥c jy^dC ■ eAdC - e*),+iA4„,Au;r'= = 

n -. n 

fc=0 ^ '^^^ k=0 

We now turn our attention to the kernel K. According to (I2.10p and 
Lemma 13. 3[ 

K = Wn-l = 

log(l/||r7||) j^^^^^^A7]AaA{^QH - ^D7]Ada)n-i- 

^ f — l)^ ("C-eAC-e* 

J ^ A7]AaA{HeH-i^D7]Ada)„-i-fA{-i<DfAda)e. 
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Now 



a 



and since t] = z ■ e we therefore have that 
C ■ eAC ■ e* _ C ■ eAC ■ e*Az ■ eAz ■ e* _ 0{\CAz\^) _ 0{\\rif) 

If ~ denotes equahty after multiphcation with this factor, we have 

~ ■ eAd( ■ e* ~ 
^<0H ~ rq^ h W^A/, 

Kr 

z . ( 

Dt] = D'{z ■ e) dz ■ e - Jq^^C ■ e, 



and 



If 



, \C\'dz-e*-{C-z)dC-e* 
\CAz\^ 

{ICl'dz -e-iz- C)dC ■ e)A{\C\'dz ■ e* - {z ■ QdC ■ e*) 



thus 

T 

DrjAda ~ — 



?7P 



From the expression for K above, with the modification fl2.1ip to obtain 
a positive kernel, we get the representation f ll.9p . where 



(3.8) -r;-;/^^^^^;^^i^A^A,»e„r- 

for some constants c*. Thus 7* are smooth and (9(||r7|p). To see the 
invariance let be a unitary mapping (matrix) on C""^^. First notice 
that if C and z are replaced by (f>( and (pz, then Uz, C ' ^ stc 
are unchanged. Moreover, ( ■ e, d( ■ e, ( ■ e* etc, will become same 
expressions, but with e and e* replaced by 0*e and 0*e*, respectively. 
However, since is unitary, 0*e* is the dual basis of 0*e. Since fl3.8p 
is independent of the choice of frame e, it follows that 7* is invariant. 
Since r] is invariant, it follows that K is invariant. 

It remains to prove part (iii). By duality we have to show that the 
(dual) operators map smooth forms to smooth forms. Let p be a fixed 
point in P". If n = 1, then for each point z, except for the antipodal 
point, there is a unique isometric isomorphism 0^ such that z ^ p 
and p I— )■ If n > 1, then for each point z outside the hyperplane of 
antipodal points there is such a mapping, and it is unique if we require 
that it is the identity on the orthogonal complement of the complex 
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line through p and z. It is clear that 0^ so defined depends smoothly 
on z. Therefore, for z outside the exceptional hyperplane, 

jK{C,z)Ai^{Q = ^i^(C'(C),C'W)AV(C) = j^K{^,p)Acl>*MO, 

and it follows that the integral depends smoothly on 2; if is smooth. 

□ 



4. A FURTHER COMPUTATION 

Let US calculate K a little further. Since we are mainly interested 
in the action on (*, *)-forms, we only care about the components that 
have bidegree (*, *) in ^. To simplify even more let us restrict ourselves 
to the component Kq which has bidegree (0, 0) in z. Letting 

ndC ■ eAdC ■ e* 
m = — 



ICI 

we then have iiQn ~ tti and 



-nDrjAda ~ -- — —m. 



Noting that 

1 -^ 





2 


m 


\z 


2 


ICPI 


\z\ 


2 _ 




P ICA^I 


2 



we also have 

|(|2U|2 

H©if — nDriAda ~ -- — —m. 

\(Az\^ 

Lemma 4.1. If A denotes the component of Cn-i^Dq) which is (0,0) 
in z, then 

^ ^ ^ C-eAC-e*Az-eAz-e* ^^^ (ICfl^^ 



ICA^P VICA^P Jn-l 

/ I \ n—l 



\(AZ 
where 

a = "^{CjZk - CkZj)-^^-^^dCoA ■ ■ ■ AdCn 

j<k 

(-> denotes interior multiplication) and c„ = ±1. 

Proof. In fact, letting 5z and 8z temporarily denote interior multiplica- 
tion with z ■ {d/dC) and z ■ {d/dC), respectively, by a computation as 
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in the proof of Proposition 11.21 above we have that 
C ■ eAC ■ t*Nz ■ eNz ■ e*A{-HdC ■ eAdC ■ e*)n-i = 

^ SgSJ^Si; I {-Hd( ■ eAd( ■ e*)n+i 



ii^n{n + 1) 



1 



\{^n{n + 1) 



= {n- l)!K"-iaAa. 



□ 



Since Cn-i^Do) is closed it follows that A is closed. This can also 
easily be verified directly. Summing up we get the formula 



2 ° 



log 



n-l 



{-If {n-l)\ (\C--z 



^ £ (n-l -£)!£! V|C|2|2 



A^. 



Finally we write this kernel in the affine coordinates C,' = (Ci, • • • , Cn) 
and z' = (2;^, . . . , z'^. We have the transformation rules 



ICI'H^i+ICf, \z\'^i+\z'\\ C-z^iH'-z\ ICAzI' IC'-^f +|C'A^"2 



Furthermore, 



« = - = - 4)|7-<A . . . Adc 
1 1 s 

In affine coordinates we therefore have (suppressing the primes for sim- 
plicity) 

- i/<-„ = 

2 ° 



n-l 



log 



(-1)^ (n-l)! 





2 + ICA 




2 


(i + ICP)(i + 


z 





+ 





1 + 




(i + ICP)(i + 


\z 





A 



(1 + 


z 






2 + ICA^ 


2n-2 



n-l 



Cni>^ {n - ly.a A a. 



5. Green currents for Z in terms of defining functions 

Let fi,...,fm be homogeneous polynomials in C"'"'"^ let be the 
union of the irreducible components of their common zero set Z C P" 



14 MATS ANDERSSON 

of lowest codimension p, and let 



ll/(C)f = E 



I /.(C) I 



2 



- ICI 



2di 



If all dj = d, then 



l/(C)P_ E,l/.(C)P 

We want to find a Green current for [Z^] expressed in the functions fj. 
To this end let Ej be distinct trivial line bundles with basis elements 
ej and consider / = Ylfj^j ^ section of the bundle 

E = L'^' ®Ei®---® L"^^ ® Em. 

We first assume that p = m. Since 

c{De) = c(L^^)A ■ ■ ■ Ac(L'^'") = + dju) 

we have that 

(5.1) cUDe) = d,... dmoo^ = (degZ)u;'". 

From Prop osit ion 1 1 . 1 1 we get the Green current g = Wm-i for Z, solving 

(5.2) dd''g+[Z] = di-'-dmOj"". 
Proposition 5.1. This Green current for [Z] has the form 

m m 2 

9 = Wm-,=log{l/\\f\\)J2n7h + Y. 



2k ■ 

I I I I I 

k=l II k=l 



where 7^ are smooth forms that are (9(||/p). If all di = d, then 

m—l 

(5.3) g = log(|z|7|/|) ^rf'"-i-^u;'"-i-^A(rfrf^log|/|)V 

m—l 

Y.Cid'^'^-'u'^-^-'Aidd'loglflY. 
e=o 

One can check that the second sum in 05.31) is closed, so that already 
the first sun is a Green current for [Z]. This current is the well-known 
Levin form L{f), cf., p. 30 in [5j. It is of course quite easy to verify 
directly that 

dd'Lif) + [Z] = d'^u'^. 

Proof of Proposition \5.1[ The formula (12.101) gives an explicit expres- 
sion for g as soon as we have explicit expressions for the associated 
sections a, -D^/ and 9^;. To begin with 
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where e* are the dual basis elements of E*, and 

m 

n9e = ^ nG^^di ACjAe* = ^ (ijwAej Ae* = wA ^ c/jCjAe*. 



If all dj = d, then 



(5.5) . = 

and 

m 

kGe = ^KG^dAejAe* = ^(iwACjAe* = duAl. 

i 1 

Lemma 5.2. We have that 

where ■ ■ ■ denote terms that contain the factor a. If all dj = d, then 

m m 

where ■ ■ ■ denote terms that contain the factor a or f . 
Proof. Since 



Df = J2D,^J. 



Ae 



J' 



and / is holomorphic, the first equality follows from Lemma 13.11 The 
second equality is immediate in view of fl5.4p . The two remaining 
equalities follow in a similar way. □ 

Notice that fAa is of the form where a is a smooth form 

that is Cdl/f). Because of the presence of this factor in fl2.10p we can 
insert the right hand sides in Lemma 15.21 into (12.101) , and we then get 
the first formula in Proposition 15.11 

Now assume that di = d. At a given fixed point, one can assume, 
after an isometric transformation, and by homogeneity, that / ■ e = ei, 
so that, e.g.. 



m 



dd'^ log I/I = i<^dfiAdfi, fAa = dAe*. 



2 



One then obtains fl5.3p by a straight-forward computation. □ 

Remark 4. One can actually reduce to the case when all dj are the 
same. One just replaces fj by /J^ so that rjdj = d. Then they define 
the cycle ri ■ ■ ■ r™, times the cycle defined by fj; this follows, e.g., from 
(15. ip . and hence one get a Green current for the original cycle by just 
dividing by this number. □ 
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Let us finally consider the case when p < m. Then 

+ [Z^] = Cp{De) - Cp{Dq), 
and unfortunately Cp{Dq) is only the pushforward of a smooth form. 



However, if we take 



G = Wp-i - [ KACpiDg) 



it follows from the Koppelman formula (II. 3p . applied to 6* = Cpi^Dq), 
that 

dd'^G + [ZP] = Cp{De) - [ PACp(Dq). 

Thus we get a Green current whose leading term Wp^i is quite explicit; 
by a similar computation as above we find that 

(5.6) W^P-i=log(l/ll/ll)E^ + ^ 



k=i "■' " k=i " 
where 7^ are smooth forms that are (9(||/p). 

Remark 5. The point above was that we had quite explicit currents w 
and 7 such that 

(5.7) dd'^w + [ZP] = 7, 

where w is locally integrable, smooth outside Z and 7 is the push- 
forward of a smooth form. Such currents are also provided by a variant 
of King's formula due to Meo, [T7] and [TH]; in fact one can take 

w = -\og\\f\\{dd'^log\\f\\r-Hx\z) 

and 

j = {dd''iog\\f\\)nx\z. 

For a simple proof, see (the proof of) Proposition 4.1 in [2]. From that 
proof it follows that w is of logarithmic type along Z and that 7 is the 
push- forward of a smooth closed form. However, this current w is not 
identical to (15. 6p : e.g., Wp-i is positive, whereas w is not. □ 
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